Geometrically the phase space of a mechanical system involves the cotangent bundle of the configuration space. The phase space of a relativistic field theory is infinite dimensional and can be endowed with a symplectic structure defined in a perfectly co-variant manner that is very useful for discussing symmetries and conserved quantities of the system. In general relativity the symplectic structure takes Darboux form and it is shown in this work that the presence of a cosmological constant does not change this conclusion.
Introduction
Some years ago Crnković and Witten [1] gave a method for constructing a symplectic form on the space of solutions, S, of the equations of motion of a relativistic field theory. They used their formalism to obtain the relevant symplectic forms for Yang-Mills theory and for general relativity. Their construction provides a co-variant description of relativistic field theories in the phase space of solutions modulo gauge transformations (and diffeomorhpisms) G, S = S/G, which is ideally suited to studying symmetries and conserved quantities.
The idea of a symplectic structure for diffeomorphism invariant theories was first introduced in [2] to investigate instabilities in rotating relativistic fluids. Wald and collaborators have generalized Crnković and Witten's formalism to a very wide class of diffeomorphism invariant theories in [3] [4] [5] [6] and studied conserved quantities associated with Killing symmetries, such as angular momentum in rotationally invariant solutions and mass in stationary solutions.
We first summarise the construction of the symplectic form and the role of diffeomorphisms and Killing symmetries in general. Examples of the statements made in the introduction are given in the main text following. One starts with an (n + 1)-dimensional space-time manifold M with boundary ∂M . The space-time comes with a metric, and possibly other fields such as Yang-Mills fields, and the space of all field configurations F is infinite dimensional. The dynamics is determined by a variational principle with a Lagrangian L, which is a gauge invariant (n + 1)-form on M, and an action
which is a diffeomorphism invariant functional of the fields. A solution of the equations of motion is a field configuration that extremises A.
It is assumed that space-time can be foliated using a time parameter t and that surfaces of constant t are space-like hypersurfaces, Σ t . An infinitesimal variation of any solution of the equations of motion that satisfies the linearised equations of motion is a 1-form on S, more correctly a cross-section of the co-tangent bundle T * S. A symplectic form on the space of solutions is obtained by using L to construct an 1-form 1 θ on S, which is also an n-form on M, and is a pre-symplectic potential on Σ t , i.e. θ does not itself furnish a symplectic potential on the space of solutions (it is not necessarily diffeomorphism invariant) but it gives one when diffeomorphisms are modded out. When Σ t is a Cauchy surface,
gives a pre-symplectic potential on S. Under a second independent variation of the dynamical fields one obtains another n-form on M ω = δθ where δ is the exterior derivative on the space of solution S. Since δ 2 = 0
and ω is a pre-symplectic density in the sense that
is a pre-symplectic 2-form on S. 2 It is called pre-symplectic because it is not a genuine symplectic density, it is not necessarily gauge and diffeomorphism invariant There is a very elegant interplay between the d-cohomology on M and the δ-cohomology on S. The construction is such that ω is not only closed as a 1-form on S but also as an n-form on M, dω = 0, hence
If M has the topology T × Σ, where T = [t, t ′ ] ⊂ R is a time interval and Σ is a compact Cauchy hypersurface without boundary, then ∂M consists of 2 copies of Σ. Then foliate M, using t as a time-parameter, and Σt ω is independent of the value of t chosen so we can drop the subscript t and Under a projection from the space of solutions S to the space of solutions modulo gauge transformations and diffeomorphisms S the symplectic form Ω on S must pull-back to the pre-symplectic form Ω on S . This will be the case if
• ω is gauge invariant and d-exact whenever one of the metric variations is a diffeomorphism;
• Σ is compact without boundary.
Then it is shown in [5] that, when one of the metric variations corresponds to a diffeomorphism generated by a vector field X, the dependence of ω on X is such that ω( X) is not only d-closed as an n-form on M but it is also d-exact
for some (n − 1)-form φ( X). If Σ is compact without boundary,
when one of the variations is a diffeomorphism. Under the projection S → S the symplectic form Ω on S then pulls back to the pre-symplectic form Ω on S, [1, 3] . If Σ has a boundary ∂Σ then we can use (1) to deduce that
Provided ∂Σ φ( X) vanishes whenever one of the field variations is due to a diffeomorphism then Ω is again a genuine pre-symplectic form. This will be the case for example if the vector field X generating the diffeomorphism vanishes fast enough on ∂Σ.
Furthermore if the diffeomorphism X = K corresponds to a Killing symmetry of the solution then ω( K) = dφ( K) vanishes identically and ∂Σ φ( K) = 0, even when K does not vanish on the boundary [6] . If ∂Σ consists of two disconnected pieces, ∂Σ = ∂Σ 1 ∪ ∂Σ 2 , then the integral over each piece must be equal and opposite and they cancel. With suitable orientations
can be non-zero. If one of the pieces, for example ∂Σ 1 , is held fixed then Φ[ K] evaluated on ∂Σ 2 is independent of the (n − 1)-dimensional surface ∂Σ 2 . Σ does not have to be a Cauchy surface for this statement to be true. If Φ[ K] is δ-exact, and only if it is δ-exact, then
is a charge related to a Hamiltonian associated with the flow generated by K, [5] . Among the key ingredients to generate conserved quantities from this construction are a general co-ordinate invariant action and a solution of the equations of motion with a Killing vector generating the symmetry. This formalism was shown in [6] to reproduce the ADM mass [9] asymptotically flat black holes in Einstein gravity. At the same time it clarifies the origin of the mysterious factor of two that is well known to arise when comparing the Komar mass with the ADM mass [5, 10, 11] . The construction in [3] is general enough to include theories with a cosmological constant Λ, of either sign when Σ is compact without boundary. When Σ has a boundary we can restrict to negative Λ so that the asymptotic regime of a black hole solution is well defined and it was shown in [14, 15] that Lee and Wald's formalism correctly reproduces the Henneaux-Teitelboim mass [16, 17] for an asymptotically AdS Kerr black hole. In this work we shall explore the formalism of Lee and Wald [3] and Wald [5] in some detail and show how it relates to some other definitions of mass in the literature, not just the ADM mass but also the Brown-York mass [12] and the Bondi mass [13] in stationary space-times. For example we shall see that the Brown-York mass, which is expressed as the difference of two extrinsic curvatures, can be viewed as a 1-form on S. The formalism also reproduces the Bondi mass when applied to asymptotically flat space-times using Bondi-Sachs co-ordinates.
The general formalism has a very nice mathematical structure of a double complex [18] , which is the natural mathematical language for describing cohomology. This formal structure is described elsewhere [8] .
Section §2 reviews Wald's general construction in the context of Einstein gravity with a cosmological constant. The exposition is given in terms of differential forms on M and S as this is the most natural framework for treating differential cohomology. In §3 the symplectic 2-form is derived for non-zero Λ and shown to be of Darboux form, extending the results of [3] to include a cosmological constant. Section §4, in which conserved quantities associated with a time-like Killing vector are discussed, contains our main results. We derive an exact result for the variation of the mass in Einstein gravity, valid at any distance outside a stationary gravitating mass. This includes the asymptotically flat case in §4.1 where the expression simplifies and asymptotically reproduces the ADM mass, as derived in [6] . We also relate Wald's expression to the extrinsic curvature of ∂Σ and the BrownYork mass [12] . It usually stated that the ADM mass in asymptotically flat space-times is completely equivalent to that defined by Brown and York, and a proof is given in [20] , in the formalism presented here these two masses are only the same if the fall-off conditions on the metric are slightly stronger than those usually assumed. The Bondi mass is also derived using Wald's formalism.
Finally the conclusions are summarised in §5. Some more technical details are relegated to a number of appendices.
Einstein gravity
We shall focus on the Einstein action A with a cosmological constant on a space-time M. We keep the dimension of space, n, general for the moment and will specialise to n = 3 later. In units with G = c = 1 the Lagrangian density is
where
are the curvature 2-forms, e a are orthonormal 1-forms (vielbeins), e ab = e a ∧e b denotes the wedge product and * is the Hodge star operator. In second order formulation the connection 1-forms ω ab are determined in terms of the orthonormal 1-forms using the torsion free condition
The corresponding action is
and the equations of motion are
where R ab are the components of the Ricci tensor in an orthonormal basis and
Under an infinitesimal variation e a → e a + δe a the linearised equations of motion, with constant Λ, are δR ab = 0 and the variation in the Lagrangian density is
where the equations of motion have been used and R = R a a is the Ricci scalar. We shall refer to field configurations that satisfy the equations of motion together with variations that satisfy the linearised equations of motion as "on-shell". Now
and
(the symbol ⊼ ⊼ ⊼ here represents both the wedge product on M and on S simultaneously, we hope that the distinction between the pre-symplectic density ω and the connection 1-forms ω ab is clear).
The variation δe a can itself be expanded in the orthonormal basis as
where x µ , µ = 0, 1, . . . , n, are co-ordinates on M and
is a (n + 1) × (n + 1) matrix. Not all such variations actually correspond to changing the metric. Decomposing
into symmetric and anti-symmetric parts
with S ab = S ba and A ab = −A ba , only S ab can change the metric, A ab merely generate local Lorentz transformations 4 under which L is invariant. Furthermore not all S ab correspond to real changes in the metric, under a diffeomorphism X
As δω ab is linear in δe a the decomposition (13) implies a similar decomposition for δω ab . Using the torsion free condition (59)
This means that δω ab ∧ * e ab is not gauge invariant, however
is d-exact and we can use the arbitrariness in (8) to define
which is gauge invariant by construction. In terms of S ab and the co-variant
The explicit form of ω(e e , δ 1 e a , δ 2 e a ) in terms of (∆ 1 )
µ b is not very illuminating but for completeness is given in appendix B. Here we just remark that, since it is gauge invariant, it only depends on the symmetric variations (
Note that (16) has no explicit dependence on the cosmological constant Λ, though there is an implicit dependence when e a are on-shell. This is to be expected from (2) as the cosmological term in the action only involves e a , not their derivatives, and so cannot influence dθ in (6) . In particular the presence of a non-zero Λ does not affect the symplectic form and the statement by Lee and Wald in [3] that the symplectic form takes the Darboux form is unchanged when Λ is introduced, as we shall see explicitly in §3.
Diffeomorphisms are generated by an infinitesimal vector field X
When the variation is a diffeomorphism one finds, for the Einstein action (4),
where X = X a e a is both a 1-form on M and on S.
where the equations of motion have been used in the last step. But on-shell
and by definition * X = i X * 1, so
In practice we need not take X to be infinitesimal. Since all subsequent formulae are linear in X we can re-scale X → ǫ X, with ǫ ≪ 1 and ǫ is just an overall factor in all formulae. Indeed we can let ǫ represent a constant 1-form on S, so that δǫ = −ǫδ and X = ǫ X is a vector on M and a 1-form on S, with i X = ǫi X , [8] .
and J X = dQ is d-exact, with
dQ is a 2-form on M. The similarity between dQ = d * d X with the vacuum Maxwell equations was observed in [21] . The symplectic density is obtained from
where we have used
We have proven that
. When Σ has no boundary Ω[ X] vanishes and a general Ω will be a genuine pull back from Ω on S. If Σ has a boundary this is still the case provided X is constrained to vanish on the boundary. If X = K is Killing then S ab = 0, and not only does Ω[ K] vanish but ω( K) is identically zero, see (63), independently of any boundary conditions or choice of hypersurfaces. This is an important observation: onshell ω(e a , L K e a , δe a ) = ω( K) vanishes identically for any Killing vector K. Since ω( X) = dφ( X) this implies that
is d-closed, but it need not vanish and can carry useful information. If K is purely tangential to ∂Σ, for example if K generates rotations about the origin and ∂Σ is the sphere at infinity, then
is invariant under on-shell perturbations of the metric. If the boundary ∂Σ consists of disconnected pieces, for example if ∂Σ = ∂Σ 1 ∪ ∂Σ 2 consists of two separate pieces ∂Σ 1 and ∂Σ 2 , then define
(p = 1, 2) and, with appropriate orientations,
We can deform Σ and move either of the boundaries around, keeping the other fixed -provided we do not pass through any singularities in the geometry and
is unchanged by such deformations. This statement is independent of any symplectic structure and Σ need not be a Cauchy surface. Φ in (24) will not change as the boundary of Σ is moved around, as long as it does not move through a region containing matter or a singularity in the geometry.
is the integral of the Komar 2-form associated with the Killing vector K [10], it is not itself invariant under metric perturbations of course.
When K is not purely tangential to ∂Σ however θ can contribute to φ and the story is more involved, but we can still define a charge if i K θ is δ-exact. In the most general case we have
If furthermore i K θ is δ-exact, so φ = δρ( K) for some ρ, then
is a candidate for a Noether charge 7 associated with the symmetry generated by K. Q[ K] and ρ( K) are 1-forms on S but only through their dependence on K, they do not themselves involve a metric variation but also are not invariant under genuine metric perturbations. Examples are given in §4.1 for K = ∂ ∂t a time-like Killing vector, in which case Q ∂ ∂t is a mass.
The symplectic form
We shall now explicitly calculate the symplectic form for Einstein gravity with a cosmological constant Λ. The case Λ = 0 was analysed in [1, 3, 6] .
Assume the space-time M can be foliated into space-like hypersurfaces Σ t of constant t. Defining lapse and shift functions N and N α for the foliation in the usual way we can choose the orthonormal 1-forms 
With (27) we have made a partial choice of gauge
often referred to as the time gauge, and this will be used in the following. The time-like unit 1-form n = −e 0 vanishes on Σ t and the future-pointing unit vector normal to Σ t is
In the time gauge (28) the extrinsic curvature of Σ t in M takes the form
κ ij can be expressed in terms of the time evolution of the dreibein
and the shear of the shift function
with D i the 3-dimensional co-variant derivative on Σ t ,
In terms of these the extrinsic curvature is
with τ {ij} = 1 2
(τ ij + τ ji ). In the time gauge the Einstein Lagrangian takes the well-known form
with κ the trace of κ ij and R is the 3-dimensional Ricci scalar associated withẽ i =ẽ i α dx α . Discarding surface termsė i α only appears here in κ ij , through the τ {ij} term in (31), and
The momentum canonically conjugate toẽ i α in the Hamilton formulation is the (n + 1)-form
where * is the Hodge- * on Σ t , with * 1 =ẽ 1···n . We therefore define momentum n-forms on Σ t
In the time gauge variations of the metric induce
with
The symplectic structure associated with the action (4) was evaluated in [3] for Λ = 0 and the result is the same for non-zero Λ. θ for the action (4) is
and, using the expressions for ω ab in the time-gauge given in appendix §B.1 equation (79), this gives
In terms of the extrinsic curvature of Σ t this is
From (34) the pre-symplectic form is
When the surface term vanishes this is of the Darboux form [3] , the inclusion of a cosmological constant does not change this conclusion. , with the normalisation fixed by demanding that K has unit length asymptotically. In the time-gauge (29) K has components
It was shown in [6] that Φ ∂ ∂t in (25) is the variation of the ADM mass.
is independent of p = 1 or p = 2.
We shall now drop the boldface notation for forms on S from here on --while it can be useful in understanding the general structure it becomes rather ugly when examining the details of specific examples -and write
The change in sign in the first term here is because δe a and K anti-commute in (37) while δe a and K a in (38) are ordinary commuting quantities. 
i is the trace of S ij , δκ = δκ i i is the trace of κ ij and
σ in (39) is either of the components of ∂Σ, ∂Σ 1 or ∂Σ 2 .
Asymptotically flat black holes
The simplest example of the formalism in the previous section is as always the Schwarzschild line element
for which N i = 0. Hypersurfaces of the Schwarzschild geometry with constant t are time-like for r < 2m so in defining Σ t we restrict to r > 2m.
ADM mass
For the Schwarzschild geometry in the time-gauge κ ij = 0 and N i = 0 so e i =ẽ i and equation (39) simplifies to
with N = 1 − 2m r . We can choose
with unit normal to Σ t n = −e 0 = − 1 − 2m r dt. 9 The combination
is gauge invariant and depends only on S ij .
The connection 1-forms in this gauge are
If we vary the metric by varying the mass m → m + δm then For example we could take Σ to be a thick solid shell with r 1 ≤ r ≤ r 2 , then the boundary ∂Σ consists of two spheres with radii r 1 and r 2 (in particular it is not necessary to take r 2 → ∞). Taking σ to be the outer sphere gives δQ = Φ = δm 4π S 2 sin ϑdϑdϕ = δm so Φ is the variation of the mass parameter, which is therefore identified with the physical mass. Since Φ ∂ ∂t is independent of r we can calculate it using whatever value of r is convenient. Indeed we can even smoothly distort σ to any arbitrary shape, as long as it encloses the origin and subtends a solid angle of 4π we will always get the same answer.
11 More generally, for 10 In an orthonormal basis
Of course the value that we get for the mass depends on the normalisation of the Killing vector and, for asymptotically flat space-times, this is naturally fixed by demanding that K has unit length when r → ∞.
any space-time with a stationary metric which is asymptotically flat, we can evaluate Φ ∂ ∂t on a sphere of large r in polar co-ordinates. Since ∂ ∂t is Killing τ {ij} vanishes in (31) and we can assume that
These conditions include the case of asymptotically flat rotating black holes. A stationary metric has ∂ ∂t as a Killing vector but we do not assume that the variation δe a shares this symmetry, we can only assume the fall-off
the last since δτ {ij} could be of order 1/r in (31). Here however the linearised equations of motion are invoked and satisfying these requires that, for an asymptotically flat metric,
With these asymptotic conditions, N j X ij ∼ O 1 r 3 and (39) reduces to
which is the variation of the ADM mass [6, 9] . This variation has been calculated here asymptotically as r → ∞ but it is stressed that, in principle at least, this is not necessary -we can smoothly distort the sphere at infinity to any other sphere (provided we do not pass through any matter to reach it by the distortion, otherwise (4) is not the correct action to use) and the formalism ensures that we would have obtained the same answer for any stationary asymptotically flat metric. It is not necessary to go to asymptotia to evaluate variations in the ADM mass for a stationary space-time.
The Brown-York mass
It is well known that in asymptotically flat space-time the ADM mass [9] is related to the Brown-York mass [12] , indeed it is usually stated that they are exactly equivalent. The earliest reference to their equivalence appears to be [20] . In this section we shall investigate how this relates to the Wald formalism of §4.1, specifically equation (43).
The Brown-York mass in asymptotically flat space-time is defined using the extrinsic curvature of the asymptotic boundary of Σ. Ifñ is the unit normal to ∂Σ then the extrinsic curvature of ∂Σ in Σ is
projects from the (co-)tangent space of Σ onto the (co-)tangent space of ∂Σ.
The traceκ =κ i i can be obtained from
whered =ẽ i ∂ i is the exterior derivative and * the Hodge duality operator on Σ t at constant t. Ifκ 0 is the trace of the extrinsic curvature of ∂Σ with the flat metric on Σ then the Brown-York mass [12] is
This is related to (43) as follows. Under a perturbation of the metric (44) can be used to show that, in the gauge (28),
Hence, at large r in asymptotically flat space-time with the fall-off conditions (42),
Now let δκ =κ −κ 0 be the deviation of the trace of the extrinsic curvature of the asymptotic boundary S 2 of Σ from its flat space valuẽ
Asymptotically the extrinsic curvature has the form
This implies thatκ
and it is these 1/r 2 terms that contain information about the mass since
where S ⊥ = P ij S ij is the transverse trace of S ij (it does not matter whether or not we use the flat metric for * ñ in (47) since the difference is O It is not sufficient that S ij falls off like 1/r, in addition the transverse trace of the metric perturbation, S ⊥ , must fall off faster than 1/r (for a perturbation corresponding to a gravitational wave moving radially outward this is guaranteed since S ⊥ = 0). This analysis shows that the the differenceκ 0 −κ in the definition of the Brown-York mass is best viewed as a 1-form on the space of solutions S.
The Bondi mass
In Bondi-Sachs co-ordinates (u, r, ϑ, ϕ), [19] , the line element is
where u = t − r is a light-like co-ordinate, r is a radial co-ordinate and x α = (ϑ, ϕ) are co-ordinates on a 2-sphere with metric components h αβ . In general U(u, r, ϑ, ϕ), W (u, r, ϑ, ϕ) and V α (u, r, ϑ, ϕ) are functions of all four co-ordinates, but we require at least that
With foresight in relation to the Bondi mass it is useful to replace U, without any loss of generality, with the function M(u, r, ϑ, ϕ) defined via
with M finite as r → ∞.
We can choose orthonormal 1-forms
withẽ i (i = 2, 3) orthonormal 1-forms for the 2-sphere metric h αβ and
We are free to choose a gauge in which
where det C = 1 andê for large r but the condition det C = 1 ensures that volume of the 2-sphere is 4π for all r (see appendix C). We shall call (50) and (51) the Bondi-Sachs gauge.
has metric dual 1-form
and using this one finds that, on a sphere defined by u and r constant,
, in order to ensure asymptotic flatness, it takes the asymptotic form
Adding (52) and (53) the δẆ terms cancel and 1 16π
Demanding that the metric is asymptotically flat imposes the conditions
In general the Bondi mass is defined to be
and here we invoke the linearised equations of motion, at order 
so Wald's expression indeed equals the variation of the Bondi mass. Again, since K is killing, the general formalism ensures that any value of r could have been used in the calculating the left hand side of (57) and the answer would always be the same.
Conclusions
The phase space formulation of a dynamical system is ideally suited to the discussion of conserved quantities and symmetries of relativistic systems which are invariant under diffeomorphisms, such as general relativity, are no exception. For general relativity the symplectic form Ω was derived by Witten and Crnković in [1] and reformulated by Lee and Wald where it was shown in [3] to have the Darboux form in asymptotically flat space-times. This conclusion is not changed when a cosmological constant is included. For stationary solutions of Einstein's equations, when
is Killing, Φ in (38) is a 2-form on the space of solutions which is independent of the surface (more generally (n − 1)-dimensional submanifold) σ in M on which it is calculated.
If the solution is that of an asymptotically flat stationary space-time Φ is the variation of both the ADM mass and the Brown-York mass, when Σ is space-like and yields the Bondi mass when Σ is an appropriately chosen lightlike hypersurface respectively. The analysis here lends further support to the suggestion that Lee and Wald's expression Φ[e a , L ∂ ∂t e a , δe a ] in equation (38) thus serves to unify the different definitions of mass in general relativity that appear in the literature and is a universal expression for the variation of the mass associated with a stationary solution of any diffeomorphism invariant theory.
From a mathematical point of view the construction fits very neatly into a double complex that captures the cohomology of the various forms involved, details of this mathematical structure are given elsewhere [8] .
A Differential form notation
A.1 Connection and curvature
For a given metric let e a denote a set of associated orthonormal 1-forms (a tetrad in four dimensions). Our conventions are that orthonormal indices are raised and lowered with
When 1-forms are wedged together we use the short-hand notation
i a denotes contraction with the orthonormal vector metric dual to e a so, for example,
The associated torsion free connection 1-forms can be expressed in terms of the e a as
where d is the exterior derivative. The co-variant exterior derivative is denoted D, in terms of which the torsion free condition is
The curvature 2-forms are
where R abcd are the components of the Riemann tensor in the chosen orthonormal basis. The components of the associated Ricci tensor, R ab , and the Einstein tensor, G ab , can be extracted from
where R = R a a is the Ricci scalar and * is the Hodge duality operator.
If the metric is varied infinitesimally the orthonormal 1-forms must change, e a → e a + δe a .
Demanding that the connection 1-forms also change so as to preserve the torsion free condition implies that
allowing δω ab to be determined from ω ab and δe a through
The variation in the curvature 2-forms is
B Explicit expression for θ and ω in Einstein gravity
From (60), keeping only symmetric variations,
For completeness we give here the explicit form of ω under two variations, δ 1 and δ 2 with
where S 1 := (S 1 ) c c is the trace of (S 1 ) b c and similarly for S 2 . The explicit form of ω is not very useful but of course it vanishes if either (S 1 ) ab or (S 2 ) ab is zero, in particular this is the case if either of the variations is generated by a Killing symmetry.
B.1 Space-like foliation
For a space-time M with metric g µν and co-ordinates x µ foliate M with constant time hypersurfaces. Let x µ = (t, x α ) where α = 1, 2, 3 and t is a time co-ordinate. We use the standard ADM decomposition: assume that t = const are space-like hypersurfaces, Σ t , and denote the induced metric on Σ t by h αβ (t). The 4-dimensional line element decomposes as
and h αβ = g αβ . The orthonormal 1-forms e a for the metric g can be expressed in a coordinate basis as e a = e 
with N i = e i α N α the orthonormal components of the shift vector. The connection 1-forms on Σ t are defined in the usual waỹ
withd =ẽ i ∂ i the exterior derivative on Σ t at constant t. In this gauge
and the unit vector normal to Σ t , n, has orthonormal components n a = (1, 0, 0, 0) so the metric dual 1-form is n = n a e a = −e 0 . Metric variations are described by
This can be decomposed into symmetric and antisymmetric parts
If we define the shift 1-forms as
The vector K = ∂ ∂t has contravariant components K µ = (1, 0, 0, 0), so K a = (N, N i ) and and the metric dual 1-form is
Under the diffeomorphism generated by ∂ ∂t the change in the metric components is ∂ t g µν and we define where˙= ∂ t , so
12 N iẽ i is invariant under spatial gauge transformations, ∆ ij = A ij , (δ N ) i = 0, so is Killing τ [ij] need not be, ratheṙ
In general the connection 1-forms in the gauge (66) are
where σ {ij} and σ [ij] are the shear and vorticity of the shift vector,
the co-variant derivative of the shift functions on Σ t . The extrinsic curvature of Σ t is
In the time-gauge, n a = (−1, 0, 0, 0), and
13 By definition
so
We can re-write (75) as
Under an infinitesimal variation, 14 with ∆ 0 i = 0 maintaining the gauge (66),
Having performed the variation we can now set τ {ij} = 0 for a stationary solution, but τ [ij] in (79) is still arbitrary, though it must always drop out of any physical quantities.
B.2 Exact expression for Φ[ K]
First we collect together all the pieces we need to calculate Ω:
where δκ = δκ i i is the trace of the variation of the extrinsic curvature of Σ t in M. 
δω ab,c is not a tensor while δω ab c is.
2. Next we need ∂Σt i K d * (e a ∧ δe a ). This can be evaluated using
for any p-form α, to write
where in the last step we have assumed that 
3. The final piece we need to calculate Ω is δ * dK. First
When K is Killing τ as it is the integral of a divergence on ∂Σ t (the integral over * e 0i forces e i to be normal to ∂Σ t and hence j is restricted to be a tangential index). This can be proven more rigorously using a straightforward application of Frobenius' theorem but we omit the details. Invoking (89) equation (88) 
is guaranteed to be independent of t and r if K = ∂ ∂t
is Killing.
C Connection 1-forms in Bondi-Sachs gauge
We list here the connection 1-forms for asymptotically flat metrics in BondiSachs the gauge as defined in (50) and (51) with f (u, r, ϑ, ϕ) and g(u, r, ϑ, ϕ) tending to one as r → ∞ in terms of which e 0 = f du + gdr, e 1 = gdr.
We also have
withẽ i (i = 2, 3) orthonormal 1-forms for the 2-sphere metric with r and u constant. In terms of the round unit metric on the 2-sphere it is convenient to choose a gauge in whichẽ i = C det C = 1, but we shall not need this explicit form. The connection 1-forms arising from (92) and (93) can be calculated from (58), they are 
